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Semidegenerate Congruence-modular Algebras 


Admitting a Reticulation 


George GEORGESCU! 


Abstract 


The reticulation L(R) of a commutative ring R was introduced by 
Joyal in 1975, then the theory was developed by Simmons in a remark- 
able paper published in 1980. L(R) is a bounded distributive algebra 
whose main property is that the Zariski prime spectrum Spec(R) of R 
and the Stone prime spectrum S'pecra(L(R)) of L(R) are homeomor- 
phic. The construction of the lattice L(R) was generalized by Belluce 
for each unital ring R and the reticulation was defined by axioms. 

In a recent paper we generalized the Belluce construction for al- 
gebras in a semidegenerate congruence-modular variety V. For any 
algebra A € V we defined a bounded distributive lattice L(A), but 
in general the prime spectrum S'pec(A) of A is not homeomorphic 
with the prime spectrum Specyq(L(A)). We introduced the quasi- 
commutative algebras in the variety V (as a generalization of Belluce’s 
quasi-commutative rings) and proved that for any algebra A € Y, the 
spectra S'pec(A) and Specrg(L(A)) are homeomorphic. 

In this paper we define the reticulation A € V by four axioms and 
prove that any two reticulations of A are isomorphic lattices. By using 
the uniqueness of reticulation and other results from the mentioned 
paper, we obtain a characterization theorem for the algebras A € V 
that admit a reticulation: A is quasi-commutative if and only if A 
admits a reticulation. This result is a universal algebra generalization 
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of the following Belluce theorem: a ring R is quasi-commutative if and 
only if R admits a reticulation. 

Another subject treated in this paper is the spectral closure of the 
prime spectrum Spec(A) of an algebra A € V, a notion that generalizes 
the Belluce spectral closure of the prime spectrum of a ring. 
Keywords: semidegenerate congruence - modular algebras, axiomatic 
reticulation, quasi-commutative algebras, spectral algebras, spectral 
closure 


1 Introduction 


The reticulation of a commutative ring R is a pair (L(R), AR) composed of a 
bounded distributive lattice L(R) and a function Ar : R > L(R) preserving 
some operations and constants (see [21, 23, 36]). The most important 
property of reticulation is that the Zariski prime spectrum Specz(R) of R 
is homeomorphic with the Stone prime spectrum Specjq,z(L(R)) of L(R). 
By using the reticulation we can move some properties from commutative 
rings to algebras and vice-versa (see [2, 21, 36]). An axiomatic definition of 
reticulation for arbitrary (unital) rings was proposed by Belluce in [6]. He 
observed that the reticulation does not exist for any arbitrary ring. In [6] the 
quasi-commutative and the spectral rings are introduced and it is proven that 
a ring R admits a reticulation iff R is quasi-commutative iff R is spectral. 

The reticulation of a ring inspired a rich literature of reticulation 
theories for other algebraic structures: F’-rings [21], MV-algebras [5], BL- 
algebras [29, 30], 0-distributive lattices [35], residuated lattices [22, 31, 32, 33], 
bounded BC K-algebras [10], etc. 

These reticulations are used to obtain new results on the algebraic 
structures. For example, the reticulation of an MV-algebra was the main 
tool used in [28] for solving the spectrum problem in the MV-algebras theory, 
i.e the characterization of the topological spaces homeomorphic to the prime 
spectra of MV-algebras. 

The commutator theory, developed by R. Fresee and R. McKenzie 
in [14] for algebras in congruence-modular varieties, allowed us to endow 
these algebras with prime spectra having important topological properties 
(see [1]). By using the ideas of [1], C. Muresan and the author proposed 
in [18] a notion of reticulation for the algebras A in a semidegenerate 
congruence-modular variety V, satisfying the hypothesis (H): the set K(A) 
of compact congruences of A is closed under commutators. These algebras 
generalize the Kaplansky neo-commutative rings (cf. [24], p. 73, a ring R 
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is neo-commutative if the product of two finitely generated ideals of R is 
finitely generated). Therefore an algebra A € V fulfilling (#7) will be called 
a neo-commutative algebra. In [18] it is proven that the prime spectrum 
S'pecz(A) of a neo-commutative algebra is homeomorphic with the prime 
spectrum Specja,z(L(A)) of reticulation L(A) of A. Thus Specz(A) is a 
spectral space in the sense of [12, 19]. The reticulation and its transfer 
properties were used in [17] for studying the functorial properties of this 
construction and in [15] for obtaining the characterization theorems for 
several classes of neo-commutative algebras. 


The reticulation theory developed in [18] does not cover the Belluce 
reticulations for arbitrary rings [6]. Recently, we introduced in [16] the 
quasi-commutative algebras and the spectral algebras in a semidegenerate 
congruence-modular variety V. These two classes of algebras coincide. For 
each algebra A € V we built a bounded distributive lattice L(A) and proved 
that for each quasi-commutative algebra A, the prime spectra Specz(A) and 
Specra,z(L(A)) are homeomorphic. 


This paper aims to propose an axiomatic approach of the reticulation 
for an arbitrary algebra A in a semidegenerate congruence-modular vari- 
ety V. Firstly we will introduce the notion of pre-reticulation of A by three 
axioms and develop some elementary matter. Then we define the notion 
of reticulation of A by adding a fourth axiom that ensures that the prime 
spectrum of reticulation is homeomorphic with the prime spectrum of A. We 
prove that all reticulations of A are isomorphic (whenever these reticulations 
exist), then we obtain a characterization theorem for the algebras A € V that 
admit a reticulation. Another subject treated in this paper is the spectral 
closure of the prime spectrum Specz(A) of an algebra A € Y, a notion that 
generalizes the Belluce spectral closure of the prime spectrum of a ring [7]. 


Now we shall describe the content of this paper. In Section 2 we 
present some definitions and results on commutators [14], the prime spectra 
of algebras in a semidegenerate congruence-modular variety V and some 
elementary properties of these spectra [1]. 


Section 3 concerns the axiomatic theory of reticulation for algebras 
in V. The first piece in this construction is the set C(A) generated by the 
set K(A) of compact congruences of A € V, under commutators and finite 
joins of congruences. The notion of pre-reticulation of A is axiomatically 
introduced. A pre-reticulation of A is a pair (L,’: C(A) > L), where L is 
a bounded distributive lattice and  : C(A) > L is a function that satisfies 
some natural axioms. We define two functions (-)* : Con(A) > Id(L) and 
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(-)x : I[d(L) — Con(A) that connect the congruences of A and the ideals 
of the lattice L. A reticulation of A is a pre-reticulation of A fulfilling a 
new axiom that ensures a homeomorphism between the topological spaces 
Specz(A) and Specrg,z(L(A)). We introduce the quasi-commutative and the 
spectral algebras of the variety V as generalizations of the quasi-commutative 
and the spectral rings. We prove that any two reticulations of algebra A are 
isomorphic (whenever they exist) and we characterize the algebras of the 
variety V that admit a reticulation: an algebra A admits a reticulation iff A 
is quasi-commutative iff A is spectral. If we apply this theorem for rings we 
obtain the Belluce results from [6]. 

In Section 4 we define the spectral closure X Specz(A) of the prime 
spectrum Specz(A) of an algebra A € VY. XSpecz(A) is a spectral space 
such that Specz(A) is a dense subspace of X Specz(A). We characterize the 
elements of X Specz(A) as the locally prime congruences of A. The results 
of this section can be viewed as a universal algebra generalization of some 
results obtained by Belluce for the spectral closure of prime spectrum of a 
ring [7]. 


2 Preliminaries 


Throughout this paper we shall assume that the algebras have a finite 
signature 7. For any algebra A we shall denote: 


e Con(A) is the complete lattice of the congruences of A; Ay and V4 
are the first and the last elements of Con(A); 


e PCon(A) is the set of principal congruences of A; 


e K(A) is the set of all finitely generated congruences of A (also called 
compact congruences). We know that K(A) is closed under finite joins 
of Con(A) and Ay € K(A). 


Recall from [9] that a variety V of algebras is said to be congruence-modular 
if for any member of VY, Con(A) is a modular lattice. 

Let us fix a congruence - modular variety V. According to Definition 3.2 
of [14], for each algebra A € V we can define a multiplication operation [-, -] 
on the congruence lattice Con(A), named the commutator operation. This 
abstract notion extends the commutator operation existing in group theory, 
as well as the multiplication of ideals in ring theory. The definition of 
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commutator operation for algebras of V is very technical (see Section 3 
of [14]), so we do not recall it here. The proofs of the results in this paper do 
not use the definition of the commutator, but only its properties mentioned in 
this section. It is useful to remind the following properties of the commutator 
operation: [-,-] is commutative, increasing in each argument and distributive 
with respect to arbitrary joins. 


Lemma 1 ([14]) For any congruence - modular variety V the following are 
equivalent: 


(1) |[Va, Va] = Va, for all AE V; 
(2) |0,Va] = 9, for all AGE V and 6 € Con(A). 


Recall from [26], that a variety V is semidegenerate if no nontrivial algebra 
in V has one - element subalgebras. According to [26], a variety V is 
semidegenerate if and only if for any algebra A in Y, the congruence V4 
is compact. 


Proposition 1 ([1]) Jf V is a semidegenerate congruence - modular variety 
then for each algebra A in V we have [V4, Va] = Va. 


If R is a ring then the lattice [d(R) of its ideals is isomorphic to the 
lattice Con(R) of congruences of R. The commutator operation in Id(R) is 
defined by [J, J] = IJ + JI, for all ideals I, J of R. It is clear that the class 
of rings is a semidegenerate congruence-modular variety. 

Let us fix a semidegenerate congruence-modular variety V and A € Y. 
By Lemma 1 and Proposition 1, for any 6 € Con(A) we have [0, V4] = 0. 
Define on the lattice Con(A): 


e the residuation operation (implication): a > 6 = \V/{y|[a,y] © 8}; 


e the annihilator operation (polar): at =a + A, = V{y|[a,y] = Aa}. 


Recall from [1] that the implication — fulfills the usual residuation property: 
for all a,G,y € Con(A), a C 8B > ¥ if and only if [a,6] C y. The 
algebraic structure (Con(A),V,A,|-,-],3,A4,V a4) is a commutative and 
integral complete | - groupoid (see [8, 20, 27, 34]). 

Following [14], p.82 or [1], p.582, a congruence ¢ € Con(A) — {Va} 
is prime if for all a, 8 € Con(A), [a, 6] C ¢ implies a C ¢ or B C d. We 
denote by Spec(A) the set of prime congruences and by Mazx(A) the set of 
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maximal congruences of Con(A). If 9 € Con(A) — {V4} then there exists 
@ € Mazx(A) such that 0 C ¢. By [1], the inclusion Mazx(A) C Spec(A) 
holds. Spec(A) is called the prime spectrum of A and Maz(A) is called the 
maximal spectrum of A. An abstract theory of prime spectra can be found 
in the very interesting paper [13]. 

According to [1], p.582, the radical p(@) = p4(@) of a congruence 0 € A 
is defined by p4(@) = (\{¢ € Spec(A)|6 C o}; if 6 = p(@) then @ is a radical 
congruence. For the basic properties of radicals, see [1, 18]. In particular, 
p(Aa4) =) Spec(A). The algebra A is semiprime if p(A4) = Aa. 

Let L be a bounded distributive lattice and Id(L) the set of its ideals. 
Then Specrg(L) will denote the set of prime ideals in L and Mazyq(L) the 
set of maximal ideals in L. Specrg(L) (resp. Maxya(L)) endowed with Stone 
topology will be denoted by Specya,z(L) (resp. Maz yja,z(L)). 

For any ideal I of L we denote Dra(I) = {Q © Specra(L)|I Z Q} 
and Vra(I) = {Q € Specya(L)|I C Q}. If « € L then we use the notation 
Dra(x) = Dya((2]) = {Q € Specra(L)|z ¢ Q} and Vya(x) = Vra((z]) = {Q € 
Specrq(L)|x € Q}, where (a] is the principal ideal of LZ generated by the 
set {x}. Recall from [21] that the family (Dya(x))zex is a basis of open sets 
for the Stone topology on S'pecyq(L). 

Following [12, 19], a spectral space (or a coherent space in the terminol- 
ogy of [21]) is a topological space X such that the following properties hold: 


(a) X is a compact Tp-space; 


(b) the compact open subsets of X form a basis of the topology of X, 
closed under finite intersections; 


(c) any irreducible closed subset of X has a generic point. 
Let us consider the following property for a topological space X: 
(b') X has a basis of compact open subsets, closed under finite intersections. 


Then a topological space X is a spectral space if and only if it satisfies the 
conditions (a), (b’) and (c). 

The main examples of spectral spaces arise from commutative rings and 
bounded distributive lattices: the prime spectrum Specz(R) of a commuta- 
tive ring R and the prime spectrum Specyqz(L) of a bounded distributive 
lattice LZ are spectral spaces (cf. [12, 19, 21]). If L is a bounded distributive 
lattice then (D7q(a))aez is a basis of compact open sets for Specrgz(L). 
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Let A be an algebra of a semidegenerate congruence-modular variety V. 
Now we shall recall from [1, 18] some definitions and notations regarding 
the topology of the prime spectrum Spec(A). 

For any 6 € Con(A) we denote V4(@) = V(@) = {¢ € Spec(A)|@ C o} 
and Da4(0) = D(6) = Spec(A)—V(6). Ifa, 6 € Con(A) then D(a) () D(B) = 
D(a, 6]) and V(a)UV(8) = V([a,6]). For any family of congruences 
(9: )ier we have Uier D(6;) = D(Vier 6;) and ier V(0;) = V (Vier Oi): Thus 
S'pec(A) becomes a topological space whose open sets are D(0),0 € Con(A). 
We remark that this topology is the universal algebra generalization of the 
Zariski topology (defined on the prime spectra of commutative rings) [3] and 
the Stone topology (defined on the prime spectra of bounded distributive 
lattices) [4, 8]. Thus this topology on the prime spectrum S'pec(A) of the 
algebra A will be named Zariski topology and the respective topological space 
will be denoted by Specz(A). We mention that the family (D(@))aeK a) is 
a basis of open sets for the Zariski topology. 


Lemma 2 Assume that A is an algebra of a semidegenerate congruence- 
modular variety V. Then the following hold: 


(1) Specz(A) is a To-space; 
(2) Any irreducible closed subset of Specz(A) has a generic point. 


Proof: By Proposition 2.6 of [13], Specz(A) is a sober space, i.e. Specz(A) 
is a Ty-space and any irreducible closed subset of S'ipecz(A) is the closure of 
a point set. The compactness of Specz(A) follows from the fact that Vy, is a 
compact congruence of A (because A € VY and Y is a semidegenerate variety). 


In other words, S'pecz(A) is a compact sober space. In general, S'pecz(A) 
is not a spectral space. In virtue of Lemma 2, S'pecz(A) is a spectral 
space if and only if it has a basis of compact open sets, closed under finite 
intersections. 


3 Reticulation of a Universal Algebra 


Let V be a semidegenerate congruence - modular variety and A an algebra 
of Y. We shall define the reticulation of A in an axiomatic manner. Our 
source of inspiration is the Belluce axiomatic definition for the reticulation 
of an arbitrary (unital) ring [6]. 
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Following [16], let C(A) be the smallest subset of Con(A) with the 
following properties: 


e K(A) C C(A); 
e If 0,x € C(A) then OV x € C(A); 
e If 0,x € C(A) then [6, x] € C(A). 


We remark that the algebraic structure (C(A), V,|-,-], Aa, V4) is similar to 
a semi-ring, but without the associativity of multiplication |-,-]. If A is a 
ring then C(A) is exactly the commutative semi-ring Sem(A), generated 
by the principal ideals of A, under the commutator operation and the sum 
(cf. [6], p. 1856 or [5], p. 1515). 

Let us consider a bounded distributive lattice D and a surjective function 
A: C(A) > L. The pair (LZ, : C(A) > L) is said to be a pre-reticulation 
of the algebra A if for all a, 8 € C(A), the following axioms are satisfied: 


(An) Mav B) = Xa) V AB); 
(Az.2) A([a, B]) = A(a) A ACS); 
(Az.3) A(A4) = 0; A(Va4) = 1. 


A pre-reticulation (LZ, A: C(A) > L) will be shortly denoted by (JZ, A). 

The notion of pre-reticulation, defined above, is weaker than that of 
reticulation (introduced later, by Definition 2). Now we will present some 
valid results in the abstract framework offered by pre-reticulations. 


Lemma 3 Assume that (L,A) is a pre-reticulation of A. For all a,8 € 
C(A), aC B implies (a) < Xf). 


Proof: IfaC 6 thenaV£ = £, so, by (Az.1) we have (3) = A(a) V A(B), 
hence A(a) < A(f). 


Proposition 2 Assume that (L,) is a pre-reticulation of A. Let (9;)jeJ 
be a family of congruences in C(A) such that Vje70; € C(A). Thus 
MVies 0;) -_ View (95). 


Proof: Similar to the proof of Proposition 3.3 of [16]. 
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If (L, A) is a pre-reticulation of A, then for all 9 € Con(A) and I € Id(L) 
we shall denote: 
& = {X(a)|a € C(A),a C 6}; TL. = V{a € K(A)|X(Q) € TH. 


Lemma 4 Assume that (L,.2) is a pre-reticulation of A and 6 € Con(A), 
I €Id(L). Then the following hold: 


(1) 0 is an ideal of the lattice L and I, is a congruence of A; 


(2) If 0 © C(A) then &* = (A(6)], where the second member is the principal 
lattice ideal generated by {X(0)} in L. 


Proof: 


(1) Let x,y be two elements of 0*, so there exists a, G € C(A) such that 
x= X(a),y = (B),a C Aand 6 C6. ThusaV68 C 6andav£G € C(A), 
therefore, by applying (Az.1) we get x Vy = X(aV B) EO. 


In a similar way, by using (Az.2), one can prove that for all z,y € L, 
x<yand y € & imply x € &*. Then @ is an ideal of L(A). 


That I, is a congruence of A is obvious. 


(2) Similar to the proof of Lemma 3.5 in [16]. 


According to Lemma 4(1) one obtains two order - preserving functions 
(-)* : Con(A) — Id(L) and (-), : Id(L) — Con(A). These two functions will 
be good vehicles in transferring some properties from congruences of A to 
ideals of L and vice-versa. This thesis will be illustrated by the following 
lemmas and propositions. 


Lemma 5 Assume that (L,A) is a pre-reticulation of A. Then for all 
a € K(A) andI € Id(L), aC I, if and only if A(a) € I. 


Proof: Assume that a C I, = V{a € K(A)|X(a) € I} so there exist 
an integer n > 1 and (;,---,6, € K(A) such that a C §, V... V B, and 
A(6;) € I, for all i = 1,---,n (because a is a compact congruence). Thus 
A(a) < A(B1) V ... V A(Bn) € I, so A(a) € I (because I is an ideal of the 
lattice L). The converse implication is obvious. 


Lemma 6 Assume that (L,2) is a pre-reticulation of A. If 8 © Con(A) 
and I € Id(L) then 6 C (0*), and I C (,)*. 
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Proof: According to the definition of the map (-)., we have the equality 
(0*), = V{a € K(A)|X(a) € 6*}. We remark that a € K(A) anda C 0 
imply that A(a) € 6&*, so a C (6*),. Then the inclusion 6 C (6*), follows. 
In order to prove that I C (J,)*, assume that « € I, so x = X(e) for 
some € € C(A). Let a be a compact congruence of A such that a C e, hence 
A(a) < A(e). Thus A(a) € I, hence, by using Lemma 5, one obtains a C I,. 
It follows that ¢ C I,, so = A(e) € (I,)*. We conclude that I C (1,)*. 
Proposition 3 Assume that (L,X) is a pre-reticulation of A, a € C(A) 
and P € Specya(L). If Px € Spec(A), then a C P, if and only if A(a) € P. 


Proof: Assume P € Specyg(L). By using the induction on the way in 
which C(A) is defined, we shall prove that the following sentence is true: 


(3.1) Va € C(A)la C Py & A(a) € PI. 
We shall consider three cases: 
(a) Assume a € K(A). The sentence (3.1) holds by Lemma 5. 


(b) Assume that a = a1 V ag and the congruences aj,a2 € C(A) fulfill 
the induction hypothesis: a; C P, iff \(a;) € P, for 7 = 1,2. Then the 
following equivalences hold: 


a C P, iff a, C P, and ap C P, 
iff \(a1) € P and XA(a2) € P 
iff A(a1) V A(ag) € P 
iff A(a) € P. 
(c) Assume that a = [ay, a2] and the congruences aj, a2 € C(A) verify 


the induction hypothesis, that is a; C P, iff A(a;) € P, for i = 1,2. 


By taking into account that P € Specyq(L) and P, € Spec(A) (by 
hypothesis) it results that the following equivalences hold: 


a C P, iff a; C P, or ag C P, 
iff A(a,) € P or X(a2) € P 
iff A([a1, @2]) = A(a1) A A(a2) € P 
iff A(a) € P. 


Example 1 Following [16], let us consider on C(A) the following equiva- 
lence relation =: for alla,B € C(A), a = B if and only if p(a) = p(f). 
Let & be the equivalence class of a € Con(A) and the special elements 
0 = Ay,1=Va4. Then = is a congruence on C(A) w.r.t. the join and 
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the commutator opcmauons: for all a, Ba’, 6’ € C(A), a= a’ and B= B' 
implies aVB=av 6 and [a, B| = [a’, |. For all a, 8B € C(A), define 
AV B=aVB anda = [a,B]. Then the quotient set L(A) = C(A)/= 
is a bounded distributive lattice. We shall denote by \4 : C(A) > L(A) 
the function defined by \4(a) = 4, for all a € C(A). By construction, the 
patr (L(A),A4: C(A) > L(A)) fulfills the axioms (Az.1)-(Az.8), so it is a 
pre-reticulation of A. We remark that for all a, 8 € C(A), X4(@) = A4(8) 
if and only if p(a) = p(§). 


Lemma 7 ([16]) Consider an algebra A € V. For all a,6 € C(A), the 
following hold: 


(1) Aa(@) = 1 of and only if a= V4; 
(2) If A is semiprime then X4(a) = 0 if and only if a= Ay; 


(3) ) < rA4(B) if and only if for any ¢ € Spec(A), 8 C @ implies 
C ¢. 


Lemma 8 ([16]) Consider an algebra A € V, 0 € Spec(A) and I € 
Id(L(A)). Then the following hold: 


(1) 04 Va tf and only if 0* is a proper ideal of L(A); 
(2) I, is a proper ideal of L(A) if and only if I, A Va. 


Lemma 9 ([16]) Consider an algebra A € V and $ € Con(A). Then the 
following hold: 


(1) If 6 € Spec(A) then (¢*), = ¢; 
(2) If 6 € Spec(A) then ¢* is a prime ideal of the lattice L(A). 


Lemma 10 ([16]) Jf ¢ € Spec(A) anda € C(A) thena C ¢ if and only if 
A(a) € ¢*. 


According to Lemma 9(2), one can consider the function u : Spec(A) > 
Specrq(L(A)), defined by u(¢) = ¢*, for any ¢ € Spec(A). 


Lemma 11 The following hold: 


(1) For all I € Id(L(A)) and @ € Spec(A), I. C ¢ if and only if I C ¢*; 
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(2) For alla € C(A) and ¢ € Spec(A), a C @ if and only if (a*), C ¢; 
(3) For any ideal I of L(A), u~!(Dra(1)) = DU); 
(4) For any a € C(A), u7!(Dya(Aa(a))) = D(a). 
Proof: 
(1) For all I € Id(L(A)) and ¢ € Spec(A), the following hold: 
e1C¢* = 1, C (¢*)« = @ (by Lemma 9(1)); 
e 1, Cd=>I1C ()* Co (by Lemma 6). 


(2) Assume that a € C(A) and ¢ € Spec(A). If a C ¢ then (a*),. 
(¢*). = @ (by Lemma 9(1)). Conversely, if (a*),C @ then a C (a*),. 
@ (by Lemma 6). 


INIA 


(3) Let I be an ideal of L(A). By (1), for each ¢ € Spec(A) we have 
I,, © ¢ if and only if I C ¢*, therefore 


eu !(Dya(L)) iff o* € Dyg(1) iff I Z o* iff L. Z ¢ iff 6 € DLL). 
It follows that u~+(Dya(I)) = D(J.). 
(4) From (2) we infer that D(a) = D((a*),), for any a € C(A). Then, by 


using (3) and Lemma 4(2), for any a € C(A) the following equalities 
hold: 


aaa =u! (Dra((Aa()])) = ut (Dra(a*)) = D((a*)«) = 
D(a). 


Corollary 1 wu is an injective continuous map. 


Proof: By Lemma 11(3), it follows that u is a continuous map. In order 
to show that wu is injective, assume that ¢,w € Spec(A) and u(¢) = u(w), 
hence ¢* = ~*. According to Lemma 9(1), we get d= ¢* = y* =v. 
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Proposition 4 ([16]) The following properties are equivalent: 
(1) For any I € Id(L(A)), I = (,)*; 
(2) For any P € Specza(L(A)), P. is a prime congruence of A. 


If the equivalent properties from Proposition 4 hold, then one can define the 
map uv: Specrq(L(A)) > Spec(A) by v(P) = P,, for any P € Specrqa(L(A)). 


Lemma 12 ([16]) Jf the equivalent properties from Proposition 4 hold, then 
for any @ € Con(A) we have v-1(D(@)) = Dyq(0*). 


Proposition 5 ([16]) Assume that the equivalent properties from Propo- 
sition 4 hold. Then the functions u : Specz(A) — Specra,z(L(A)) and 
v : Spectaz(L(A)) + Specz(A) are homeomorphisms, inverse to one 
another. 


The previous proposition shows that in the presence of the equivalent 
conditions (1) and (2) of Proposition 4 the prime spectra of A and L(A) are 
homeomorphic (recall that this is the principal property of any notion of 
reticulation). 

Let (Z,A) be an arbitrary pre-reticulation of A. Now it is time to 
introduce a new axiom: 


(Az.4) For any prime ideal P of the lattice L, P, is a prime congru- 
ence of the algebra A and the assignment P +> P, defines a 
homeomorphism from S'pecyq,z(L) to Specz(A). 


Definition 1 A pair (LZ, : C(A) > L) is said to be a reticulation of the 
algebra A if the axioms (Az.1)-(Az.4) are satisfied. 


In other words, a reticulation of A is a pre-reticulation of A fulfilling (Az.4). 

We remark that this axiomatic definition of a reticulation of A is a 
universal algebra generalization of the axiomatic definition of reticulation of 
rings, introduced by Belluce in [6], p. 1856. 

The reticulation (L,\A : C(A) — L) of A will be shortly denoted 
by (Z, A). 

Assume that (L(A), A) is a reticulation of A. We remark that the 
homeomorphism from Specyg,z(L) to Specz(A), given by (Az.4), is exactly 
the restriction v = (-)«|gpecry.z(L) : Specra,z(L) + Specz(A). 

Recall from Example 1 that the pair (Z£(A), A.) is a pre-reticulation 
of A. The following theorem gives some necessary and sufficient conditions 
for (L(A), A4) to be a reticulation of A. 
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Theorem 1 The following properties are equivalent: 

(1) (L(A), Aa) is a reticulation of A; 

(2) For any I € Id(L(A)), we have I = (I,)*; 

(3) For any P © Specyq(L(A)), P. is a prime congruence of A. 
Proof: 

(2)<(3) By Proposition 4. 


(1)=(3) By (Az.4). 


(3)=(1) By Proposition 5. 


Proposition 6 Assume that (L,2) is a reticulation of A. Then for all 
a, B € C(A), A(a) = A(B) if and only if p(a) = p(8). 


Proof: According to (Az.4), for any prime ideal P of the lattice L, P, is 
a prime congruence of the algebra A and v : Specrg.z(L) — Specz(A) is a 
bijective map. In fact, wu and v are order-isomorphisms between S'pecya,z(L) 
and Specz(A). Then, by using Proposition 6, it follous that for all a, 6 € 
C(A), the following properties are equivalent: 


© A(a) = ACB); 

e For all P € Specra(L), (a) € P iff \(B) € P; 
e For all P € Specyq(L), a C P, iff 6 C P,; 

e For all ¢ € Spec(A), a C ¢ iff BC 4; 

© p(a) = p(8). 


From the previous proposition, it follows that for any reticulation (L, \) 
of A, the following holds: 


(3.2) for all a, G € C(A), A(a) < A(B) if and only if p(a@) C p(S). 


Definition 2 A pre-reticulation (L, A) of A is said to be a semi—reticulation 


of A if for alla, € C(A), A(a) = A(G) if and only if p(a) = p(B). 
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By Proposition 6, any reticulation of A is a semi-reticulation. We 
remark that (L(A), 4) is a semi-reticulation (see Example 1). 


Definition 3 Two pre-reticulations (Ly, 1) and (L2, 2) of the algebra A 
are said to be isomorphic if there exists an isomorphism of bounded distribu- 
tive lattices f : Lg — Ly such that fod, = Ag. Two reticulations (Ly, A1) 
and (L2,A2) of A are isomorphic if they are isomorphic as pre-reticulations. 


Theorem 2 Any two semi-reticulations (L1, 1) and (La, 2) of the alge- 
bra A are isomorphic. 


Proof: Assume that (£1, 1) and (L2, A2) are two semi-reticulations of 
the algebra A. According to Definition 2, for all a, 8 € C(A), the following 
equivalences hold: 


(3.3) Ai(a) = A1(B) iff pla) = p(B) iff A2(a) = A2(B). 


In order to define a function f : L, — DL, consider an arbitrary element 
x € Ly, so there exists a € C(A) such that x = A1(a). We set f(x) = r2(a). 
By (3.3), the function f is well-defined. 

Let x,y be two elements of the lattice Li, so x = A1(a), y = A2(8), for 
some a, 3 € C(A). By using (Az.1) we get: f(x V y) = f(A1(@) V A1(8)) = 
f(A1(a@ V B)) = A2(aV B) = A2(@) V A2(B) = f(x) V f(y). In a similar way 
we obtain f(aA y) = f(x) A f(y), f(0) = 0 and f(1) = 1, so f is a morphism 
of bounded lattices. 

By using (3.3) it results that f is an isomorphism in the category of 
bounded distributive lattices. From the definition of f we get fo A, = ro, 
so the pre-reticulations (LZ, A) and (Lz, A2) are isomorphic. 


In particular, any two reticulations of A are isomorphic. The following 
result gives an explicit characterization of the reticulations of A. 


Proposition 7 Let (L,) be a reticulation of A. Then (L(A),A,) is a 
reticulation of A. 


Proof: Let (Z, A) be a reticulation of A. Then (LZ, A) is a semi-reticulation 
of A, so (L,) and (L(A), A4) are isomorphic (by Theorem 2). Therefore 
there exists an isomorphism f : L + L(A) of bounded distributive lattice 
such that fo\=2,. Let P be a prime ideal of the lattice L(A), so f~1(P) 
is a prime ideal of the lattice L. It is easy to see that for any a € K(A), the 
following equivalence holds: \,4(a) € P if and only if A(a) € f~!(P). Then 
the following equality holds: 
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(3.4) V{a € K(A)|Aa(a) € P} = V{a € K(A)|A(a) € f-7(P)}. 


Since (L,A) is a reticulation of A and f~'(P) is a prime ideal of L, by 
(Az.4) it follows that V{a € K(A)|X\(a) € f71(P)} © Spec(A). In ac- 
cordance with (3.4), we get V{a € K(A)|A,4(a) € P} € Spec(A), so the 
pre-reticulation (L(A), 4) verifies the equivalent conditions of Proposition 4. 
In virtue of Theorem 1, (L(A), A4) is a reticulation of A. 


Now we shall recall from [16] the definitions of the quasi-commutative 
algebras and the spectral algebras. They are universal algebra generalizations 
of the quasi-commutative rings, respectively the spectral rings, introduced 
by Belluce in [6]. 


Definition 4 ([16]) The algebra A is said to be quasi-commutative if for 
all a, 8 € PCon(A) there exists y € K(A) such that y C [a, 6] and p(y) = 


p([a, BI). 


Lemma 13 ([16]) The following are equivalent: 


(1) A is a quasi-commutative algebra; 


(2) For all a, 8 € K(A) there exists y € K(A) such that y C [a, 8] and 
p(y) = ple; 6). 


Definition 5 ([16]) The algebra A is said to be a spectral algebra if the 
following conditions are fulfilled: 


(1) Specz(A) is a spectral space; 
(2) For any compact congruence a, D(a) is a compact subset of Specz(A). 


Theorem 3 [f the algebra A is quasi-commutative then the pair (L(A), Aa) 
is a reticulation of A. 


Proof: We know that (L(A), A.) is a semi-reticulation of A. If A isa 
quasi-commutative algebra then the equivalent conditions from Proposition 4 
are fulfilled (cf. Theorem 3.26 of [16]). By applying Theorem 1 it follows 
that (L(A), A,) is a reticulation of A. 

The following theorem shows that the quasi-commutative algebras 
coincide with the spectral algebras and they are exactly the algebras of V 
that admit a reticulation. 


Semidegenerate congruence-modular algebras admitting a reticulation21 


Theorem 4 For any algebra A € V the following are equivalent: 
(1) A is a spectral algebra; 
(2) A is a quasi-commutative algebra; 
(3) For any ideal I of L(A), we have I = (I,)*; 
(4) For any P € Specyq(L(A)), P. is a prime congruence of A; 
(5) A admits a reticulation; 
(6) (L(A), Aa) ts a reticulation of A. 
Proof: 
(1)=(2) <=(3) See Theorem 3.26 of [16]. 
(3)<>(4) <= (6) See Theorem 1. 


(5)<(6) By Proposition 7. 


(6)<(5) Obviously. 


Remark 1 According to [5], p.1865, there exists a semiprime ring R which is 
not quasi-commutative (see also [7], p.1533 and Section 7 of [25]). Therefore 
there exist semidegenerate congruence-modular varieties V and semiprime 
algebras A in V which are not quasi-commutative. According to the previous 
theorem, for such algebras A, the semi-reticulation (L(A),A4) is not a 
reticulation. 


Corollary 2 [If A is a quasi-commutative algebra then Specz(A) is a spectral 
space. 


Proof: By Theorem 4, A is a spectral algebra, so the Specz(A) is a 
spectral space. 


The neo-commutative rings were introduced by Kaplansky in [24]: a 
ring R is neo-commutative if the product of two finitely generated ideals is 
a finitely generated ideal. Kaplansky proved that the prime spectrum of a 
neo-commutative ring is a spectral space. 

The notion of neo-commutative ring can be extended to a universal alge- 
bra setting: an algebra A in a semidegenerate congruence-modular variety V 
is neo-commutative if K(A) is closed under commutator operation. If A is 


22 George Georgescu 


neo-commutative then C(A) = K(A), so A is quasi-commutative (see [16]). 
Then, for any neo-commutative algebra, the equivalent six conditions from 
Theorem 4 are fulfilled. In particular, a generalization of the Kaplansky 
theorem holds: if the algebra A is neo-commutative then its prime spectrum 
S'pecz(A) is a spectral space. 

Let A be an algebra of V and @ € Con(A). We inductively define 
[0,0]", for any integer n > 0: [0,6]° = 0, [0,0]' = [6,0] and [0,9]"*? = 
(9, 9]”, (0, 6]”], for all n. 


Lemma 14 ([18]) Assume that A is a neo-commutative algebra. For any 
congruence 0 of A, p(0) =\V/{a € K(A)|[a,a]” C 6, for all n}. 


By the previous lemma, if A is a neo-commutative algebra, then for all 
6 € Con(A) and a € K(A) the following equivalence holds: a C p(@) if and 
only if [a,a]" C 6, for some integer n > 0. 


Theorem 5 Let A be a neo-commutative algebra and (L, ) a pre-reticulation 
of A. Then the following are equivalent: 


(1) (L,) is a reticulation of A; 


(2) For alla, 8B € K(A), A(a) < A(B) if and only if |a,a]” < 8, for some 
integer n => 0. 


Proof: 


(1)=(2) Assume that (L,.) is a reticulation of A. Let a, be two 
compact congruences of A. According to (3.2) and Lemma 14, 
the following equivalences hold: A(a@) < A(G) iff p(a) C p(B) iff 
a C p(B) iff [a,a]”" < G8, for some integer n > 0. 


(2)<(1) Let a, 8 be two compact congruences of A. By using the hy- 
pothesis (2) and Lemma 14, the following equivalences hold: 

A(a) < (8) iff [a, al” < B, forsnmieantener m= Gil a nte) iff 

p(a) € p(p). Therefore, for all a, G € K(A), A(a) = A(B) if and 

only if p(a) = p(B), ie. (L,A) a semi-reticulation of A. Accord- 
ing to Theorem 2, the semi-reticulations (L, \) and (L(A), 4) 
are isomorphic. By hypothesis, A is a neo-commutative algebra, 
so it is quasi-commutative. In virtue of Theorem 3, (L(A), A4) 
is a reticulation of A, hence (L, A) is a reticulation of A (cf. 
Proposition 7). 
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4 The Spectral Closure 


Let V be a semidegenerate congruence - modular variety and A an algebra 
of V. In Section 3 we defined the map wu: Specz(A) > Specya,z(L(A)) by 
u(@) = ¢*, for any ¢ € S'pecz(A). By Corollary 1, u is an injective continuous 
map. In general, Specz(A) is not a spectral space, so u is not bijective. 

In [5], Belluce studied the spectral closure X S'pec(R) of the prime 
spectrum Spec(R) of an arbitrary (unital) ring R. X Spec(R) is a spectral 
space that contains Spec(R) as a dense subspace. A quantale version of this 
spectral closure can be found in [11]. 

This section contains a generalization of the Belluce spectral closure to a 
universal algebra framework: we shall enlarge the prime spectrum S'pecz(A) 
of the algebra A € V to a spectral space X Specz(A) such that S'pecz(A) 
is a dense subspace of X S'pecz(A). The construction and the study of 
X Specz(A) will use the algebraic and topological transfer properties of the 
lattice L(A). 

We mention that the results obtained in this section are generalizations 
of some results proven by Belluce for the case of rings [7]. 


Proposition 8 Let S be a non-empty subset of Specz(A) such that 
1S =Ay4. Thus u(S) is a dense subset of the space Specra,z(L(A)). 


Proof: We observe that ()S = A, implies (| Spec(A) = Ay, hence 
the algebra A is semiprime. According to the definition of u, we have 
u(S) = {¢*|¢ € S}. We have to prove that for any congruence a € C(A), 
Dra(Aa(a@)) #@ implies Dra(A4(a)) N u(S) F 0. 

Assume that Drg(A4(a)) 4 0, so there exists a prime ideal P of the 
lattice L(A) such that A4(a) ¢ P. Thus a ¥ Ag, so there exists ¢ € S such 
that a Z ¢ (because () S = Ay). By Lemma 10, a Z ¢ implies A4(a) ¢ ¢*, 
so b* € Drg(Aa(a)) Nu(S) £0. 

It results that u(S) is a dense subset of the space Specra,z(L(A)). 
Let Min(A) be the set of minimal prime congruences of A. Min(A) is 
called the minimal prime spectrum of the algebra A. If we restrict the 
topology of S'pecz(A) to Min(A) then we obtain a topological space, denoted 
by Minz(A). For any ¢ € Spec(A) there exists yy € Min(A) such that 
w C ¢ (by Zorn lemma), therefore for any semiprime algebra A we have 
(| Min(A) = Ag. 


Corollary 3 If the algebra A is semiprime then u(Spec(A)) and u(Min(A)) 
are dense subsets of Specra,z(L(A)). 
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Throughout the rest of this section A will be a semiprime algebra. 


Definition 6 /6/ Let X,Y be two topological spaces such that Y is a spectral 
space. A continuous map f : X — Y is said to be spectral if for any compact 
subset U of Y, f~'(U) is a compact subset of X. 


Proposition 9 If u: Specz(A) > Specra.z(L(A)) is a spectral map then u 
is a homeomorphism. 


Proof: We know from the Stone duality theory [4] that C = (Dra(A4(@)))wec(a) 
is the basis of compact open sets of Specyg,z(L(A)) and C is closed under 
finite intersections. Let us consider the family B = u~!(Dya(Aa(@)) )aec(a): 
Since u is a spectral map, B is a family of compact open subsets of S'pecz(A). 
It is clear that B is closed under finite intersections. In accordance with 
Lemma 11(4), B = (D(a@))eec(a): 

An open subset of Specz(A) has the form D(@), where 6 is an arbitrary 
congruence of A. We remark that 

D(@) = D\Via € K(A)la C Of) = U{D(a)|a € K(A), a C 9}. 

It follows that B is a basis of Specz(A). We proved that Specz(A) has 
a basis 6 of compact open sets, closed under finite intersections and, by 
Lemma 2, we know that Specz(A) is a compact sober space. Then S'pecz(A) 
is a spectral space such that for any a € C(A), D(a) is a compact open 
subset of Specz(A), so A is a spectral algebra. By Theorem 4, the equivalent 
conditions from Proposition 4 are verified, so u is a homeomorphism (cf. 
Proposition 5). 


Proposition 10 [fu : Specz(A) > Specja,z(L(A)) is a surjective map 
then u is a homeomorphism. 


Proof: We shall prove that u is a spectral map. We know that the prime 
spectrum S'pecra,z(L(A)) of the lattice L(A) is a spectral space. Let U be 
a compact subset of Specra,z(L(A)). We have to show that u~!(U) is a 
compact subset of Sipecz(A). Assume that u~!(U) C Ujer D(a;), whenever 
(a;)jey is a family of compact congruences of A. 

Let P be an element of U, hence P € Specrgz(L(A)). Since wu is 
a surjective map, there exists ¢ € Specz(A) such that P = u(¢) = ¢*, 
sodeut(U) Cc Ujey D(a;). Thus ¢ € D(a;), for some j € J, hence 
a; Z ¢. By Lemma 10, a; Z ¢ implies A4(a;) ¢ ¢* = P, therefore 
P &€ Dya(Aa(aj)). We have proven that U C Uje7 Dra(Aa(aj)). But U is 
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a compact subset of Specja,z(L(A)), so there exists a finite subset T of J 
such that U C Ujer Dia(Aa(aj)). Then the following hold: 
u'(U) Cu“ (Ujer Dra(Aa(ay))) = Ujer U1 (Dra(Aa(a5)))- 

By applying Lemma 11(4), we obtain u~!(Dya(Aa(a;))) = D(a;), for 
any j € T, therefore u-!(U) C Ujer D(aj), so u'(U) is a compact subset 
of Specz(A). Thus u is a spectral map. By using Proposition 9, it follows 
that u is a homeomorphism. 


Proposition 11 Let I be an ideal of the lattice L(A) and P a prime ideal 
of L(A). If P. CE, then P CI. 


Proof: Assume that P, C [,. In order to show that P C I, it suffices to 
prove that the following sentence is valid: 


(4.1) Va € C(A)[Aa(a) € P => Aa(a) € I]. 


We shall prove this fact by induction on how CA) is defined, so we consider 
three cases: 


(a) Assume that a € K(A). According to Lemma 5, the following implica- 
tions hold: 
AA(a)E PSaCP seach => ra4(a) € I. 


(b) Assume that @ = a, V a2, where the congruences aj,a2 € C(A) 
verify the sentence (4.1). Thus we have A4(a) = A4(a1) V A4(Q2), 
therefore the following implications hold: A4(a) € P > A4(ai) € P 
and A4(a2) € P => Ag4(a1) € I and Ag(a2) € I > Aa4(a) € I. 


(c) Assume that a = [a1,a2], where aj,a2 € C(A) verify (4.1), hence 
Aa(a@) = A4(Q1) A Ag(a@2). Recall that P is a prime ideal of L(A). 
Thus the following implications hold: A4(a) € P > A4(a1) € P or 
AA(a2) € P= Xa(a1) € I or Ag(a2) € => Ag(a) € I. 

Consider the function w : Specrg(L(A)) > Con(A), i.e. w(P) = P,, for any 
P © Specra(L(A)). 


Corollary 4 w is an injective function. 


Proof: Let P,Q be two prime ideals of L(A) such that P, = Q,. By 
Proposition 11 we get P = Q. Therefore the function w is injective. 

By keeping the notation of [7], we set X Spec(A) = w(Specyq(L(A))) 
{P.|P € Specra(L(A))}. For each ideal I of L(A) take the set w(Dra(Z)) 
{P|P € Specya(L(A)), I Z P}. 
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Lemma 15 The family T = (w(Dra(Z))) rera(z(a)) 18 @ topology on X Spec(A). 


Proof: Let (J:)zer be a family of ideals in L(A). Then we obtain the fol- 
lowing equality: User w(Dra(t))) = w(Dia(Vier 1t)). Assume now that T 
is a finite set. Since u is an injective function, we have (ep w(Dra(it))) = 
w(Dra(Ater t)). Therefore T is a topology on X Spec(A). 

The topological space introduced by Lemma 15 will be denoted by 
XSpecz(A). By construction, w : Specjaz(L(A)) + XSpecz(A) is a 
homeomorphism. We know that Specyg,z(L(A)) is a spectral space, so 
X Specz(A) is also a spectral space. By Lemma 9, for any ¢ € Specz(A) we 
have ¢* € Specra,z(L(A)) and (¢*), = ¢, hence ¢ € X Specz(A). It follows 
that Specz(A) is a subset of X Specz(A). 


Lemma 16 Specz(A) is a subspace of X Specz(A). 


Proof: An open subset of Specz(A) has the form D(6), where @ is 
an arbitrary congruence of A. We shall prove that D(@) = w(Dya(@*)) A 
Specz(A). Recall that w(Dra(6*)) = {P.|P € Specra(L(A)),0* Z P}. 

Firstly, we shall prove that D(@) C w(Dya(6*)) MN Specz(A). Assume 
that ¢ € D(@), so ¢ € Specz(A) and 6 Z ¢. Assume by absurdum that 
6* C ¢*, hence, by using Lemmas 6 and 9, we get 6 C (0*), C (*)4 = 4, 
contradicting 0 Z ¢. Thus 6* Z ¢*, hence ¢* € Dyq(0*). Then we obtain 
@ = (¢*)x € w(Dya(O*)). The inclusion D(@) C w(Dyq(6*)) N Specz(A) is 
proven. 

Conversely, assume that ¢ € w(Dyq(6*)) A Specz(A), therefore there 
exists P € Specrg(L(A)) such that ¢ = P, and 6* Z P. Assume by 
absurdum that 0 C P,. Let x be an arbitrary element of 6*, so x = A4(a), 
for some a € C(A) such that aC 06. Thena C@C P,, sox = Ag(a) € P 
(cf. Proposition 3). It follows that 6* C P, contradicting 6* Z P. Then 6 Z P,, 
resulting that ¢ = P, € D(a). In conclusion, the inclusion w(Dyqg(6*)) 
Specz(A) C D(@) is established. 

Recall that we assumed that the algebra A is semiprime. By applying 
Lemma 16 and Corollary 3 it follows that Specz(A) is a dense subspace of 
X Specz(A). Keeping the terminology of [7], the spectral space X Spec z(A) 
will be called the spectral closure of the prime spectrum S'pecz(A). If A isa 
ring then we obtain the notion of spectral closure defined in [7]. 


Definition 7 A congruence ¢ # Va of the algebra A is said to be a locally 
prime congruence of A if for all congruences a, € C(A) andy € K(A), 
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7 C ¢ and [a, 8] C p(y) imply that there exists a compact congruence 7/ C ¢ 
witha Cr or BCY. 


The notion of locally prime congruence is a generalization of the notion 
of locally prime ideal in ring theory [7]: an ideal P of a ring R is locally 
prime if and only if the congruence of R associated with P is a locally prime 
congruence. 


Proposition 12 Any prime congruence of A is locally prime. 


Proof: Let ¢ be a prime congruence of A. By induction on how the set 
C(A) is defined we shall prove that the following sentence is true: 


(4.2) Va € C(A)la C 6 = Fy’ € K(A)l (7 C ¢) and (a C 7’)]]. 


We shall distinguish three cases: 


(a) Assume that a € K(A). If a C ¢, then, by taking 7 = a, the sentence 
(4.2) is obviously satisfied. 


(b) Assume that a = a; V ag and the congruences a1, a2 € C(A) satisfy 
the sentence (4.2). If a C @ then ay C ¢ and az C 4¢, so there exist 
Vi, € K(A) such that 7f C ¢ and a; C ¥;, for i = 1,2. If we set 
y=, V 7 then 7 € K(A), 7 Codanda=aiVaeCyvVv%y=7. 


(c) Assume that a = [a1, a2] and the congruences a1, a2 € C(A) satisfy 
(4.2). Ifa C ¢ then a; C ¢ or a2 C ¢ (because ¢ is a prime congruence 
of A). Assume that a1 C ¢ so there exists y, € K(A) such that y, C ¢ 
and a; C 74. If we set y’ = yj then’ € K(A), 7 C ganda Ca, C7. 
The case a2 C ¢ is treated in a similar way. 


In order to show that ¢ is locally prime, suppose that the congruences 
a, € C(A) and y € K(A) fulfill y C ¢ and [a,6] C p(y). From 
(a, 8] © p(y) and y C ¢ € Spec(A) we get [a, 6] C ¢, so a C gor 
BO®. 

Assume now that a C ¢. By applying (4.2), there exists y/ € K(A) 
such that y/ C ¢ anda C74’. The case 6 < ¢ is treated in a similar way. 


Proposition 13 If ¢ is a locally prime congruence of A then the following 
hold: 
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(1) If 6 € K(A) then ¢ € Spec(A); 


(2) If A is quasi-commutative then @ € S'pec(A). 
Proof: 


(a) Let a, be two compact congruences of A such that [a, 3] C ¢. Since 
(a, 8] C 6 = p(d) and ¢@ € K(A) there exists a compact congruence 
y C @ such that a C 7 or B C 7’. Then a C ¢ or B C ¢, so 
@ € Spec(A). 


(b) Let a, 8 be two compact congruences of A such that [a, 6] C ¢. Since A 
is quasi-commutative and a, 3 € K(A) there exists y € K(A) such that 
7  [a, 8] and p(y) = p(l@, BI) (cf. Lemma 13). Thus [a, 6] € p(y), 
y € K(A) and y C 4, so, by taking into account that ¢ is a locally 
prime congruence, it follows that there exists a compact congruence 
+’ C @such that a Cy’ or B C7’, therefore a C ¢ or 6B C ¢. Conclude 
that @ € Spec(A). 


The following theorem generalizes Proposition 3.2 of [7]. 
Theorem 6 For any ¢ € Con(A), the following are equivalent: 
(1) 6€ XSpec(A); 
(2) @ is a locally prime congruence. 
Proof: 
(1)=>(2) Assume that ¢ € X Spec(A), so ¢ = P,, for some prime ideal P 


of the lattice L(A). By induction on how the set C(A) is defined 
we shall prove that the following sentence is true: 


(4.3) VaeC(A)[Aa(a) € P= ay € K(A)[(7’ € @) and (aC 7'J]. 
We shall distinguish three cases: 


(a) Assume that a € K(A). If Ay(a) € P then a C P, = @. 
By taking 7/ = a, the sentence (4.3) is obviously verified. 


Semidegenerate congruence-modular algebras admitting a reticulation29 


(2)> (1) 


(b) Assume that @ = a, V ag, whenever the congruences 
a1,a2 € C(A) satisfy the sentence (4.3). If A4(a) € P, 
then A4(a1) V Aa(a2) € P, therefore A4(a;) € P, for 
i = 1,2. By applying the induction hypothesis, there 
exist 74,74 € K(A) such that y; C ¢ and a; C ¥, for 
i= 1,2. If we take 7 = 7, V7 then 7’ € K(A), Y Co 


anda=a,VagCyVyA=y. 


(c) Assume that a = [a1, a2] and a1, a2 € C(A) satisfy (4.3). 
If A\4(a) € P, then A4(a1)AA4(Q2) = A4(@) € P, therefore 
Aa(a1) € P or A4(a2) € P. Assume that A4(a1) € P. By 
applying the induction hypothesis, there exists 7, € K(A) 
such that 7, C ¢@ and a1 C yj. If we set 7’ = 74, then 
y CodandaCa, Cy. The case \4(a2) € P is treated 
similarly. 


Then the sentence (4.3) is true. In order to prove that ¢ is a 
locally prime congruence consider the congruences a, 3 € C(A) 
and y € K(A) such that 7 C ¢ and [a, 6] C p(y). By applying 
Lemma 5, from y € K(A) and y C P, we get Aa(y) € P. 
We observe that [a, 3] C p(y) implies p([a, 8]) C p(y), hence 
Aa(la, B]) < Aa(y) (cf. (3.2)). Thus rA4(a) A A4(8) € P, so 
Aa(a) € P or Ag(Z) € P. 


Assume that A4(a) € P. By using (4.3) we can find a congruence 
7 € K(A) such that 7 C ¢ anda C7, so ¢ is a locally prime 
congruence. The case 4(3) € P is treated in a similar way. 


Suppose that ¢ is a locally prime congruence. Let Q be the ideal 
of the lattice L(A) generated by the set {A4(a)|aeE K(A),aC eg}. 


Firstly, we shall prove that Q is a prime ideal of the lattice L(A). 
Let a, 8 be two congruences in C(A) such that A4(a@) A A4(8) € 
P, hence A,4(la,3]) € Q. According to the definition of Q, 
there exist an integer n > 1 and the congruences 71,---,Yn € 
K(A) such that y; C ¢, for any 7 = 1,---,n and Ag([a, B]) < 
Vie Aal(%s) = Aa(VE1%). Denoting y = V71%, we obtain 
 y € K(A), y C ¢ and Ag([a, B]) < Aa(y), therefore [a, 6] C 
p([a, 8]) C p(y) (by the equivalence (3.1)). Since ¢ is a locally 
prime congruence, there exists a compact congruence 7 C ¢ 
such that aC 7 or 8 C7’. Ifa C7 then r\4(a) < Ag(1’) € Q, 
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so A4(a) € Q. Similarly, 8 C 7 implies \4(8) € Q, so Q isa 
prime ideal. 


Now we shall prove that ¢ = Q,. For any compact congruence 
a, from a C ¢ we get A4(a) € Q, so a C Qy. We proved that 
bc Q. 

In order to prove the converse inclusion Q, C @, consider a 
compact congruence 3 such that \4(3) € Q, so there exist an 
integer n > 1 and the congruences aj,--+,Q@p, € K(A) such that 
AA(B) < Vii Aa(@i) and a; C ¢, for alli = 1,---,n. Denoting 
a = Vii, a; we have a € K(A), aC g and A4(B) < Aa(a). In 
accordance with the equivalence (3.1), we get p(8) < p(a). 


We observe that p([3, V.a]) = p(G) < p(a) and a, 8 and Vy are 
compact congruences, hence there exists a compact congruence 
6 C @such that 8 C6 or V4 C6 (because ¢ is a locally prime 
congruence). But V4 C 6 implies V4 C 6 C ¢, contradicting 
that ¢ is locally prime. It follows that 6 C 6 C ¢. Then we get 
Qs = V{B € K(A)|A4(8) € Q} C @. It follows that ¢ = P, and 
Q € Specyq(L(A)), therefore ¢ € X Spec(A). 
We remark that the elements of X S'pecz(A) are defined by using the lattice 
L(A) and the map w, while the definition of locally prime congruences does 
not depend by these notions. Thus the previous theorem offers an intrinsic 
characterization of the spectral closure X Specz(A). 


Corollary 5 The following are equivalent: 
(1) Spec(A) = X S'pec(A); 
(2) A is quasi-commutative. 


Proof:  (1)=>(2) Let P be a prime ideal of the lattice L(A), hence P, € 
X Spec(A) (by definition). According to the hypothesis (1), it follows that 
P, € Spec(A). Taking into account Theorem 4, A is a quasi-commutative 
algebra. 

(2)= (1) Assume that A is quasi-commutative. In order to prove that 
X Specz(A) C Specx(A), suppose that ¢ € X Specz(A), hence ¢ is a locally 
prime congruence (by Theorem 6). In virtue of Proposition 13(2), it follows 
that @ € Specz(A), therefore X Specz(A) C S'pecz(A). 

The converse inclusion Spec(A) C XSpec(A) was established in 
Lemma 16, so Specz(A) = X Specz(A). 
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